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In examining the motion of a gyroscoplc system, we usually omit the second
derivatives of Lagrangian coordinates in the linearized equations [ 1-6 1.
For the steady motion of gyroscopic systems in which damping is not pre-
sent, such an operation was justified by Merkin [4 ]. In this paper we
consider the case of a gyroscoplc system with variable coefficients., The
method suggested is based on ordinary substitution for the independent
variables; this method is alsoc of interest for the steady gyroscopic
system,

1. The small free vibrations of stabilized gyroscopic systems on a
fixed foundation, for small disturbances of the position coordinates g,
ceen 4 and their derivatives, are given by equations

¢y 21.‘;-}'(1-’”- +Hgij) ;]j+cij’1j7 0 )

in which a sufficiently large positive constant H denotes the angular
momentum of the system with respect to the axes of the gyroscopes and

i aijll is the positive definite matrix of quadratic form. The coeffi-
cients in equation (1) are bounded time-functions and are of zero order
with respect to H. The solutions of the stabilized system cannot have an
order with respect to H greater than zero. The indices i and j take on
the values of 1 to s; presence of two equal indices in a term means
summation,

Let us consider the solution of the two systems of equations:
(by; + Hgijha gt 6591 =0 )
- - 3
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If the determinant of the matrix of the gyroscopic terms || gij[{differs
from zero, then for a sufficiently large value of H, the system (2) is
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solvable with respect to 91- The system (3) always has a solution with

respect to qu.
We will show that the solution of system (1), satisfying the general

conditions for t = 0, q; = qio' 9; = qi0 for any finite time interval

[0, T], is described in the coordinates 9;, and in the velocities a;,

with an accuracy to the order of # 1. Then the system is subjected to the

following initial conditions:

i, °= 9" b5 (0) + Hg;; (0)1g;,° + ¢;5(0) g;0= 0 (4)
qizo":or 21i2°= .qio—.qilo (5‘1
Introducing in equation (2) the new independent variables t/H and in
equation (3) the variables Ht, denoting by (1) prime the derivatives with
respect to the new independent variables, we obtain

(H-lbij+gij)9j1' +Cij 91 =0
(6)
(H_]bij +8i,' )‘Ijl "+ (bi]' —}—Hgij + cij)4j1'+Hcfj‘Ij1 =0

2;; 950"+ (H‘lbii + gij)452’= 0, 99 = (fij qjg')()t— S:}ijqu,dt \7)

where fi' is a bounded function of zero order with respect to the quantity
H, and is obtained by the solution of the first group of equations (7)
with respect to qiz" Derivatives fij cannot have an order higher than
zero with respect to H.

Conventionally, we call the precession and nutation of the gyroscopic
system (1) the motion described by q; 1) and ¢, 2 , respectively, having
initial conditions corresponding to equations (4) and (5). The solution

of the system (1) with general initial conditions is equal to q; = qi(1)+

qi(Z) let g¢; 12 90 + %5 qi(z) = q;, + ¥;- The variables x, and y;
are determined as a particular solution with zero initial conditions of

the equations
oy 7+ (g + Heioj + oymp = — Hayy," ®)
a;; il}]-+ (b;; + Hgij)i/j + Y= — ¢35 9
As we can see from systems (6) and (7), for a finite time interval

[0, T] the variables qilq-have an order H and g., are of order . on
the basis of equations (8) and (9) we obtain

{#s =, v ¥} =O0(H™M) (10

The variables 94 and 2;; have an order H’l; then, using equation (10)
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we prove our assertion, namely
qi:qil—}—O(H“), ;11'= 2-712+0(H_1) (11)

Moreover, the quantity 91 changes slowly, while 97 changes as fast
as q., = O(H'l); then equations (3) and (5) show that 90 = 0(H).

2. If the system (1) is stable for a continuously applied disturbance
and the variables 9; and q;, are bounded, then, as follows from the
systems (6) (8) and (9), the result of equations (10) and (11) is valid
for an infinite time interval.

Forced vibrations of the stabilized gyroscopic system, caused by the
action of a generalized force fi(t), can be described with the particular
solution, subjected to zero initial conditions, of the following system
of equatijons:

(bij -+ Hé’ij )-q]‘;; + €395 = 1:(2)

The magnitude of the permitted error in the coordinates and in the
velocities is determined by the solution of equation (8), subjected to
zero initial conditions, The q.1”~iS replaced by the values obtained from
solving the second group of equations (6) equated to Hfi and subjected to
corresponding initial conditions. Then, the error has to be of the order
99 s divided by . 1 fi(t) has a zero order with respect to H, then
tée order of error is less than H! for any time interval in which fj(t)
is bounded.

We will now give a certain refinement in the value of equations (10)
and (11). Letting r = Ht in equation (9), we have

aj;y;"+ (H7;; +¢;5) ;' = — H%c;; (g5 1 ¥;) (12)

The quantity ¢., + y. has the order H. To compute the particular
solution of equation (lé). with zero “initial conditions we integrate with
respect to r from 0 to Ht; then the obtained particular solution, yi',
has the order of H 2., Equation (12) leads to

t .
¥ = (4 yjl)é - _S /iyydi + O (H™), y; =O0(H™)
Q

We say that the gyroscopic system satisfies condition (4) if g;; and
c;: are equal to zero or have an order no greater than Hi. As follows
from system (6) qii"in this case has a zero order with respect to H;

then, on the basis of equation (8), we obtain z, = O(H’z).

Hence, we have shown that the solution of equation (1) with arbitrary
initial values satisfying conditions (4) is given by
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3. Consider an automatically regulated gyroscopic system with supple-
mentary k equations:
aii q3 + (bii + Hgif).qj + 61593 + div g, + & q, = 0 (13)
Auv ‘q-v + Bw’ (}" + Cu\‘q" + Duiq.’? =0

Here the indices i and j take the values of 1 to s; p and v of s+ 1
to s+ k; || aijl[ and || Auvll are positive definite matrices of quadratic
forms. Let the determinant of }| gij}} not equal zero.

Denote by {qil. g 1} the solution obtained from equation (13), with
the initial conditions

o ° ° "o W P
% =45 4" =0 4u’=4
. . (1%
[6;; (0) + Hg;; (0) ] 9;1° + ¢;;(0) ¢5,° + 4, (0) 9,,° + €, (0) q,,° =0

for a;. = 0. Conventionally, we call {qi(l), q, (1)} precession, which
represents motion obtained by the solution of the system equation (13),
with initial conditions, equation (14). We call the corresponding muta-
tion the solution of the system, equation (13), subjected to the initial

conditions:
qi.o(z) — quc(z) — ;Juo‘(zj =0, ;?i o(2) _ q: . ;Iﬂo
(15}

Therefore, we have

q; = qi(l) + qi(2), g, =4, Uy 4 qu_(2)
Let
W= g5 +u; q,W=gq, +u,
;D =g, +vi, ¢, W=7,

Where 9 is the same as in Section 1. We find the unknowns u;, U and

Vi, v and also their derivatives with respect to time, as the particular
solutions with zero initial values of a corresponding system, which
differs from the system, equation (13), by the presence of the right-hand
gside in the first s equations of a non-homogeneous term. In the first case
we have the term “ijqji and in the second cij”j’ Repeating the conclusion
of Section 1, we obtain

{95 %o Wy o vp 7, vy, v }=O0(HT)

Hence, we have
g =q; +OHY), q,=9q,+0HY
9:=q,,+OHY),  g,= q,+0HDY
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Forced vibration of the stable system differing from the system of
equation (13), by the presence on the right side of corresponding general-
ized forces f;(t) and f, (t), can be described by the particular solution
of the following equations

(b”+ l]gij) {jj;} + i (Ij3+div ’}~,3 + e,y 9yq =" fi(t)

Ap_v qv:x+ “uv qv3+ Cp,v(]v:fjA Du.y qu} = fx,(l)

The permitted error, as follows from the discussion in Section 2, has
the order of A 1.
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